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Green’s Function For Linear Differential
Operators In One Variable
Adel Kassaian∗1,
Abstract
General formula for causal Green’s function of linear differential operator of given
degree in one variable, (∂ nx +
∑n−1
k=0 Pk(x)∂
k
x), is given according to coefficient functions of
differential operator as a series of integrals. The solution also provides analytic formula
for fundamental solutions of corresponding homogenous linear differential equation,
(
∂ nx +∑n−1
k=0 Pk(x)∂
k
x
)
y(x) = 0, as series of integrals. Furthermore, multiplicative property
of causal Green’s functions is shown and by which explicit formulas for causal Green’s
functions of some classes of decomposable linear differential operators are given. A method
to find Green’s function of general linear differential operator of given degree in one
variable with arbitrary boundary condition according to coefficient functions of differential
operator is demonstrated.
1 Converting initial value problem for ordinary linear
differential equation into Volterra’s integral equation
Initial value problem for linear differential equation of degree n in one variable,
(
∂ nx +
n−1∑
k=0
Pk(x)∂
k
x
)
y(x) = g(x), (1)
can be converted to Volterra’s integral equation of second kind. Following the reference [3], the
key relation in the procedure is the identity;
∫ x
a
dz1
∫ z1
a
dz2 · · ·
∫ zr−1
a
dzr F (zr) =
∫ x
a
dz
(x− z)r−1
(r − 1)!
F (z),
which can be easily proved for arbitrary function F (x) using integration by part and induction.
For initial condition ∂ ix y(a) = ci for i = 0, 1, .., n − 1, putting u(x) = ∂
n
x y(x) in the above
relation and setting r = n− k, for k = 0, ..., n− 1 we have;
∂ kx y(x)−
n−1∑
i=k
ci
(x− a)i−k
(i− k)!
=
∫ x
a
dz
(x− z)n−k−1
(n− k − 1)!
u(z). (2)
Inserting ∂ nx y(x) = u(x) and ∂
k
x y(x) =
∑n−1
i=k ci
(x−a)i−k
(i−k)! +
∫ x
a
dz
(x−z)n−k−1
(n−k−1)! u(z) for k =
1, ..., n− 1 into the left hand side of equation (1) we get;
(
∂ nx +
∑n−1
k=0 Pk(x)∂
k
x
)
y(x) = u(x) +
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∑n−1
k=0
∑n−1
i=k ciPk(x)
(x−a)i−k
(i−k)! +
∫ x
a
dz
∑n−1
k=0 Pk(x)
(x−z)i−k
(i−k)! u(z). Therefore we have the following
Volterra’s equation for u(x);
u(x) +
∫ x
a
dz K(x, z) u(z) = g(x) + S(x), (3)
where K(x, z) =
(∑n−1
k=0 Pk(x)
(x−z)n−k−1
(n−k−1)!
)
and S(x) = −
∑n−1
k=0
∑n−1
i=k ciPk(x)
(x−a)i−k
(i−k)! =
−
∑n−1
i=0
∑i
k=0 ci
Pk(x)(x−a)i−k
(i−k)! . By setting k = 0 in equation (2), the solution y(x) is given by;
y(x) = D(x) +
∫ x
a
dz
(x− z)n−1
(n− 1)!
u(z). (4)
where D(x) =
∑n−1
i=0 ci
(x−a)i
i!
.
2 Casual Green’s function for linear differential opera-
tors in one variable
For equation (1) with initial condition ∂ ixy(a) = 0 for i = 0, 1, .., n − 1, the corresponding
Volterra’s equation is given by;
u(x) +
∫ x
a
dz K(x, z) u(z) = g(x),
where K(x, z) =
(∑n−1
k=0 Pk(x)
(x−z)n−k−1
(n−k−1)!
)
and y(x) =
∫ x
a
dz
(x−z)n−1
(n−1)! u(z).For g(x) ∈ L
2[a, b],
the condition (
∫ b
a
∫ b
a
dx dy |K(x, y)|2) <∞ is sufficient condition for existence of unique solution
in L2[a, b], given by iteration (e.g. see [2]). Clearly this conditions can be satisfied if Pi(x)
( i = 0, 1, ..., n − 1) and g(x) functions are taken to be continuous on [a, b]. Therefore we can
state the following theorem;
Theorem 1 The Green’s function for inhomogeneous linear differential equation
(
∂ nx +∑n−1
k=0 Pk(x) ∂
k
x
)
y(x) = g(x), where Pi(x) ( i = 0, 1, ..., n − 1) and g(x) are in C[a, b], with
the boundary condition; ∂ ixy(a) = 0 for i = 0, 1, .., n− 1, is given by;
G(x, y) = θ(x− y)
((x− y)n−1
(n− 1)!
+
∫ x
y
dz
(x− z)n−1
(n− 1)!
R(z, y)
)
, (5)
where
R(x, y) = h(x, y) +
∞∑
r=2
∫ x
y
dz1
∫ z1
y
dz2 · · ·
∫ zr−2
y
dzr−1 h(x, z1) h(z1, z2)
· · ·h(zr−1, y), (6)
and h(x, y) = −
n−1∑
k=0
Pk(x)
(x− y)n−k−1
(n− k − 1)!
. The solution to inhomogeneous linear differential equa-
tion (1) for x ∈ [a, b] is then given by y(x) =
∫∞
a
dz G(x, z) g(z).
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Proof. In order to prove (5) is Green’s function of (1) it is enough to prove that for the
two variables function;
T (x, y) =
((x− y)n−1
(n− 1)!
+
∫ x
y
dz
(x− z)n−1
(n− 1)!
R(z, y)
)
, (7)
we have
(
∂ nx +
∑n−1
k=0 Pk(x)∂
k
x
)
T (x, y) = 0 and (∂ ixT (x, y))|x=y = 0 for i = 0, 1, .., n − 2 and
(∂ n−1x T (x, y))|x=y = 1 [e.g. see [1]]. This can be easily done by noting;
∂ ixT (x, y) =
((x− y)n−i−1
(n− i− 1)!
+
∫ x
y
dz
(x− z)n−i−1
(n− i− 1)!
R(z, y)
)
i = 0, 1, .., n− 1 (8)
∂ nx T (x, y) = R(x, y),
and therefore,
(∂ nx +
n−1∑
k=0
Pk(x)∂
k
x) T (x, y) = R(x, y) +
n−1∑
k=0
Pk(x)(x− y)
n−k−1
(n− k − 1)!
+
n−1∑
k=0
Pk(x)
∫ x
y
dz
(x− z)n−k−1
(n− k − 1)!
R(z, y)
= R(x, y)− h(x, y)−
∫ x
y
dz h(x, z)R(z, y)
= R(x, y)− h(x, y)−
(
R(x, y)− h(x, y)
)
= 0.
In the last line we used
∫ x
y
dz h(x, z)R(z, y) =
(
R(x, y) − h(x, y)
)
, which comes from
definition of R(x, y). By using (8) we have (∂ ixT (x, y))|x=y = 0 for i = 0, 1, .., n − 2 and
(∂ n−1x T (x, y))|x=y = 1.
The Green’s function for (1) with mentioned boundary condition is called causal solution
which by method of variation of parameters is given by;
G(x, y) =
( n∑
i=1
Wi(y) ui(x)
W (y)
)
θ(x− y), (9)
where u1(x), u2(x), ..., un(x) are fundamental solutions of corresponding homogeneous dif-
ferential equation; (∂ nx +
∑n−1
k=0 Pk(x)∂
k
x) ui(x) = 0. W (y) is the Wronskian and Wi(y) is the
Wronskian with its i th column in determinant is replace by (0, 0, .., 0, 1). Comparing this result
with (5) we have the identity;
n∑
i=1
Wi(y) ui(x)
W (y)
=
(x− y)n−1
(n− 1)!
+
∫ x
y
dz
(x− z)n−1
(n− 1)!
R(z, y). (10)
For linear differential operator of first degree (n=1), like ∂x − P (x), the causal Green’s
3
function using [theorem 1] is equal to;
(∂x − P (x))
−1 = θ(x− y)
(
1 +
∞∑
k=1
∫ x
y
dz1 · · ·
∫ zn−2
y
dzk−1
∫ zk−1
y
dzk P (z1) · · ·P (zk−1)P (zk)
)
= θ(x− y)
(
1 +
∞∑
k=1
1
k!
∫ x
y
· · ·
∫ x
y
∫ x
y
dz1 · · · dzk−1dzk P (z1) · · ·P (zk−1)P (zk)
)
= θ(x− y)e
∫ x
y
dzP (z).
For linear differential operator of degree two in the form of; (∂2x − P (x)), the causal Green’s
function by using [theorem 1] is given by Ts(x, y)θ(x− y) where;
Ts(x, y) =
{
(x− y) +
∞∑
k=1
(∫ x
y
dz1 · · ·
∫ zk−2
y
dzk−1
∫ zk−1
y
dzk
(x− z1)P (z1)(z1 − z2)P (z2)(z2 − z3) · · · (zk−1 − zk)P (zk)(zk − y)
)}
. (11)
For example (∂2x − x)
−1 = θ(x − y) (x − y) + θ(x − y)
∫ x
y
dz(x − z)z(z − y) + θ(x −
y)
∫ x
y
dt
∫ t
y
dz
(
(x − t)t(t − z)z(z − y)
)
+ · · · = θ(x − y)
((
x − y
)
+
(
x4
12
− (x
3y)
6
+ (xy
3)
6
−
y4
12
)
+
(
x7
504
− (x
6y)
180
+ (x
4y3)
72
− (x
3y4)
72
+ (xy
6)
180
− y
7
504
)
+ · · ·
)
, which is consistent with solution
(∂ 2x − x)
−1 = θ(x− y)
(−Ai(x)Bi(y) + Ai(y)Bi(x)
Ai(y)Bi′(y)−Ai′(y)Bi(y)
)
derived by (9).
It can be seen from (5) that if Pi(x) ( i = 0, 1, ..., n− 1) functions are smooth on [a, b] then
T (x, y), given by (7), is smooth function on [a, b] × [a, b], in which case we state the following
theorem;
Theorem 2 If T1(x, y)θ(x − y) and T2(x, y)θ(x − y) are causal Green’s functions for linear
differential operators O1(x, ∂x) =
(
∂ nx +
∑n−1
k=0 Pk(x)∂
k
x
)
and O2(x, ∂x) =
(
∂mx +
∑m−1
k=0 qk(x)∂
k
x
)
respectively (assuming Pi(x)’s and qi(x)’s functions are in C
∞[a, b]) then T3(x, y)θ(x−y) where,
T3(x, y) =
∫ x
y
dz T2(x, z) T1(z, y), (12)
is the causal Green’s function for linear differential operator O3(x, ∂x) = O1(x, ∂x).O2(x, ∂x)
Proof. By assumption; O1(x, ∂x) T1(x, y) = 0 and (∂
i
xT1(x, y))|x=y = 0 for i = 0, 1, .., n−
2 and (∂ n−1x T1(x, y))|x=y = 1 also O2(x, ∂x) T2(x, y) = 0 and (∂
i
xT2(x, y))|x=y = 0 for i =
0, 1, .., m− 2 and (∂m−1x T2(x, y))|x=y = 1, therefore we have;
∂ ix T3(x, y) =
∫ x
y
dz (∂ ix(T2(x, z))) T1(z, y), i = 0, 1, .., m− 1 (13)
∂mx T3(x, y) = T1(x, y) +
∫ x
y
dz (∂mx (T2(x, z))) T1(z, y), (14)
∂ ixT3(x, y) = ∂
i−m
x (T1(x, y)) + ∂
i−m
x
( ∫ x
y
dz (∂mx (T2(x, z))) T1(z, y)
)
,
i = m+ 1, .., m+ n− 1. (15)
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Concentrating on the second term in (15), we have for k = 1, 2, .., n− 1;
∂ kx
( ∫ x
y
dz (∂mx (T2(x, z))) T1(z, y)
)
=
{∑k−1
j=0 ∂
j
x
(
(∂m+k−1−jx T2(x, z))|z=x
T1(x, y)
)}
+
( ∫ x
y
dz (∂m+kx (T2(x, z))) T1(z, y)
)
= {
∑k−1
j=0
∑j
r=0
(
j
r
)(
(∂m+k−1−j+rx T2(x, z))|z=x ∂
j−r
x T1(x, y)
)
}
+
( ∫ x
y
dz (∂m+kx (T2(x, z))) T1(z, y)
)
(16)
From (13),(14), (15) and (16) we have (∂ ixT3(x, y))|x=y = 0 for i = 0, 1, ..., m+n−3, m+n−2
and (∂m+n−1x T3(x, y))|x=y = 1. On the other hand;
O2(x, ∂x)T3(x, y) =
(
∂mx +
m−1∑
k=0
qk(x)∂
k
x
) ∫ x
y
dz T2(x, z) T1(z, y)
= ∂x
( ∫ x
y
dz ∂m−1x T2(x, z) T1(z, y)
)
+
∫ x
y
dz
(m−1∑
k=0
qk(x)∂
k
x T2(x, z)
)
T1(z, y)
= T1(x, y) +
∫ y
x
dzO2(x, ∂x)T2(x, z)T1(z, y)
= T1(x, y).
Therefore O1(x, ∂x).O2(x, ∂x)T3(x, y) = O1(x, ∂x)T1(x, y) = 0.
The following corollary comes as a consequence;
Corollary 1 Causal Green’s function for differential operator,
O(x, ∂x) =
(
∂x − p1(x)
) (
∂x − p2(x)
)
· · ·
(
∂x − pn(x)
)
, (17)
where p i(x) ∈ C
∞[a, b] (for i = 1, ..., n)is given by;
G(x, y) = θ(x− y)
∫ x
y
dz1
∫ z1
y
dz2 · · ·
∫ zr−2
y
dzn−1
(
e
∫ x
z1
dtn pn(tn)
e
∫ z1
z2
dtn−1 pn−1(tn−1) · · · e
∫ zn−1
y
dt1 p1(t1)
)
(18)
For example for differential operator O(x, ∂x) = ∂
2
x +3x∂x + (2x
2 +2), since (∂x+ x)(∂x +
2x) = ∂2x + 3x∂x + (2x
2 + 2), by using result (18) one gets G(x, y) =
√
pi
2
e y
2−x2
2 {Erf( x√
2
) −
(Erf( y√
2
))} θ(x− y).
Corollary 2 Causal Green’s function for linear differential operator ;
O(x, ∂x) =
n∑
k=0
αk∂
k
x , (19)
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where αk ∈ C and αn 6= 0, is given by;
G(x, y) =
θ(x− y)
αn
∫ x
y
dz1
∫ z1
y
dz2 · · ·
∫ zn−2
y
dzn−1 e
(
β1(x−z1)+β2(z1−z2)···+βn(zn−1−y)
)
, (20)
where β1, β2 · · ·βn are n complex roots of equation
n∑
i=0
αiX
i = 0.
Proof. Differential operator O(x, ∂x) =
∑n
i=0 αi∂
i
x, according to Fundamental theorem of
algebra, can be written as,
∑n
i=0 αi∂
i
x = αn(∂x − β1)(∂x − β2) · · · (∂x − βn). Therefore by using
(18) the result is proved.
For example (∂2x − ω
2)−1 = θ(x − y)
∫ x
y
dz1e
(ω(x−z1)−ω(z1−y)) = sinhω(x−y)
ω
θ(x − y) and
also (∂3x − iα∂
2
x − ω
2∂x + iαω
2)−1 = θ(x − y)
∫ x
y
dz1(
∫ z1
y
dz2e
(ω(x−z1)−ω(z1−z2)+iα(z2−y))) =
θ(x− y)
(
eω(x−y)−eiα(x−y)
α2+ω2
− sinh[ω(x−y)]
i αω+ω2
)
.
Lets consider a differential operator in form of
O(x, ∂x) = −∂
2
x + v(x). (21)
By decomposing it into two firs degree differential operators; −(∂2x−v(x)) = −(∂x−p(x))(∂x−
q(x)), we have consequently q(x) = −p(x) and p(x)2 − ∂xp(x) = v(x). Therefore according to
(18) the causal the Green’s function is given by;
(
− ∂2x + v(x)
)−1
= −θ(x− y)
∫ x
y
dze(−
∫ x
z
dtp(t)+
∫ z
y
dt′p(t′)), (22)
where p(x) is solution for first order nonlinear differential equation p (x)2−∂xp (x) = v(x).
This is just Riccati equation, thus the answers to p (x)2− ∂xp (x) = v(x) are given by solutions
of homogenous differential equation (−∂2x + v(x))u1,2(x) = 0 where p(x) = −(
u′1,2
u1,2
). Inserting
p(x) = −(
u′1
u1
) into solution (22), we have;
(
− ∂2x + v(x)
)−1
= −θ(x− y)u1(x)u1(y)
∫ x
y
dz( 1
u(z)2
).
Considering the relation u2(z) = u1(z)
∫
dz 1
u1(z)
2 (valid for homogenous differential equation
(−∂2x + v(x))u1,2(x) = 0) the solution (22) becomes the standard solution,
(
− ∂2x + v(x)
)−1
=
−θ(x− y)
(
u2(x)u1(y)− u1(x)u2(y)
)
.
Considering [theorem 2] one can introduce the following infinite non-abelian group of op-
erators on a subspace of C∞[a, b]. We call it ”Lalescu Group”;
• Lalescu Group. The Group of differential operators of the form;
(
∂ nx +
∑n−1
k=0 Pk(x)∂
k
x
)
of
all finite order, n ≥ 0, where Pk(x) ∈ C
∞[a, b] (for k=0,1,..,n-1) and their corresponding
causal Green’s functions G(x, y) = T (x, y)θ(x− y) (given by (5)), on subspace of C∞[a, b]
consisting of functions which themselves and their derivatives to all orders are zero at
x = a, creates non-abelian group with operators multiplication.
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Beside all differential operators O(x, ∂x) =
(
∂ nx +
∑n−1
k=0 Pk(x)∂
k
x
)
and their causal
Green’s functions G(x, y) = T (x, y)θ(x − y), the group also contains integro-differential op-
erators and their inverses, coming from mixing these two groups of operators. For example
O1(x, ∂x).T2(x, y)θ(x−y), acting on φ(x) in the function space as O1(x, ∂x)(
∫ x
a
dz T2(x, z)φ(z)),
and its inverse O2(x, ∂x).T1(x, y)θ(x−y) (where O
−1
1 (x, ∂x) = T1(x, y)θ(x−y) and O
−1
2 (x, ∂x) =
T2(x, y)θ(x− y)).
3 Green’s function for linear differential operators in one
variable with other boundary conditions
In previous part the causal Green’s function was derived according to coefficient functions of
linear differential operator, here in this part it is shown that Green’s function of general lin-
ear differential operator, for other boundary conditions on [a, b] (e.g. Sturm-Liouville prob-
lem), can also be derived according to coefficient functions of differential operator. First
we note that homogeneous linear differential equation of degree n in one variable,
(
∂ nx +∑n−1
k=0 Pk(x)∂
k
x
)
u(x) = 0, for initial condition ∂ ix u(a) = ci for i = 0, 1, .., n− 1 can be converted
to Volterra’s integral equation of second kind as;
(
µ(x) +
∫ x
a
dz K(x, z)µ(z)
)
= S(x), where
K(x, z) =
(∑n−1
k=0 Pk(x)
(x−z)n−k−1
(n−k−1)!
)
, u(x) = D(x) +
∫ x
a
dz
(x−z)n−1
(n−1)! µ(z), D(x) =
∑n−1
k=0
ck(x−a)k
k!
and S(x) = −
∑n−1
i=0
∑i
k=0 ci
Pk(x)(x−a)i−k
(i−k)! . Therefore we state the following theorem;
Theorem 3 The Solution of homogeneous linear differential equation(
∂ nx +
∑n−1
k=0 Pk(x) ∂
k
x
)
u(x) = 0, where Pi(x) ( i = 0, 1, ..., n − 1) are in C[a, b], with initial
condition; ∂ ix u(a) = ci for i = 0, 1, .., n− 1, is given by;
u(x) = D(x) +
∫ x
a
dz T (x, z)S(z), (23)
where D(x) =
n−1∑
k=0
ck(x− a)
k
k!
, S(x) = −
n−1∑
i=0
i∑
k=0
ci
Pk(x)(x− a)
i−k
(i− k)!
and T (x, y) is given by (7).
By using the above theorem for solutions ur(x) (r = 0, ..., n − 1) with initial conditions
∂ ixur(a) = δr,i for i = 0, ..., n− 1, one can find n linearly independent solutions;
• Fundamental solutions of homogenous linear ordinary differential equation.
ur(x) =
(x− a)r
r!
+
∫ x
a
dz T (x, z)(−
r∑
k=0
Pk(z)(z − a)
r−k
(r − k)!
) for r = 0, ..., n−1 are n linearly
independent solutions of
(
∂ nx +
∑n−1
k=0 Pk(x) ∂
k
x
)
u(x) = 0. The Wornskian is given by
Abel’s identity as; W (u0, u1, ...un−1) = e
−
∫ x
a
dzPn−1(z).
It is easy to check that for boundary condition; ∂ ixu(b) = ci for i = 0, 1, .., n − 1 the
answer for homogenous differential equation in C[a, b] is given by (23) in which a is replaced
by b. One can derive solutions of homogenous differential equation, with specific boundary
conditions on either a or b, by using (23). By substituting solutions of homogenous differential
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equation with suitable boundary conditions (derived by (23)) in to the expressions for Green’s
functions given by method of variation of parameters, one can derive the Green’s function
according to coefficient functions of differential operator. For example the Green’s function for
Sturm-Lioville problem;
(∂2x − P (x))y(x) = g(x), B.C. y(a) = y(b) = 0, (24)
by method of variation of parameters is given by; G(x, y) = (W (y))−1
(
u1(x)u2(y) θ(y − x)
+u2(x)u1(y) θ(x−y)
)
, where u1(x) and u2(x) are answers of corresponding homogenous differ-
ential equation, W (y) is the Wronskian and we have u1(a) = u2(b) = 0. If we take B.C. u1(a) =
0 and ∂xu1(a) = 1 then according to (23); we have u1(x) = (x−a)+
∫ x
a
dzTs(x, z)P (z)(z−a) =
Ts(x, a) (The function Ts(x, y) is given by (11)). On the other hand by taking B.C. u2(b) = 0
and ∂xu2(b) = 1 we have u2(x) = Ts(x, b). The Wronskian of u1(x) and u2(x) is constant and
can be calculated easily at point x = a as; W (y) = −Ts(a, b) therefore;
G(x, y) = (−Ts(a, b))
−1
(
Ts(x, a)Ts(y, b)θ(y − x) + (x↔ y)
)
. (25)
4 Conclusion
Causal Green’s function for general linear differential operator in one variable was given by
[theorem 1] as series of integrals. Multiplicative property of causal Green’s functions is shown
by [theorem 2]. For differential operators which are equal to multiplications of first order linear
differential operators, explicit formula (18), was given for causal Green’s functions. An infinite
non-abelian group of operators on a subspace of C∞[a, b] is introduced. Analytic formula for
fundamental solutions of homogenous linear differential equation in one variable was given
via equation (10) and for specific boundary condition via equation (23) as series of integrals.
By using equation (23) and the method of variation of parameters a way to derive Green’s
functions with arbitrary boundary conditions in one variable according to coefficient functions
of differential operators was given.
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